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SUMMARY

A new numerical model has been developed to simulate the transport of dye in primary sedimentation tanks
operating under neutral density conditions. A multidimensional algorithm based on a new skew third-order
upwinding scheme (STOUS) is used to eliminate numerical diffusion. This algorithm introduces cross-difference
terms to overcome the instability problems of the componentwise one-dimensional formlae for simulating
multidimensional flows. Small physically unrealistic overshooting and undershooting have been avoided by
using a well-established technique known as the universal limiter. A well-known rotating velocity field test was
used to show the capability of STOUS in eliminating numerical diffusion. The STOUS results are compared with
another third-order upwinding technique known as UTOPIA. The velocity field is obtained by solving the
equations of motion in the vorticity—streamfunction formulationk-A model is used to simulate the turbulence
phenomena. The velocity field compares favourably with previous measurements and with UTOPIA results. An
additional differential equation governing the unsteady transport of dye in a steady flow field is solved to
calculate the dye concentration and to produce flow-through curves (FTCs) which are used in evaluating the
hydraulic efficiency of settling tanks. The resulting FTC was compared with both measurements and numerical
results predicted by various discretization schen@sl997 by John Wiley & Sons, Ltd.

KEY WORDS: third-order upwinding; numerical diffusion; numerical instabilities; dye transport; sedimentation tank

1. INTRODUCTION

The lack of an accurate simulation of one-dimensional highly convective unsteady flows has been
referred to as the ‘ultimate embarrassmén8econd-order central schemes can simulate smooth
profiles (low curvature) with satisfactory accuracy; however, these schemes suffer from numerical
oscillations when a sudden change in gradient (high curvature) exists. This is due to the inherent
spatial dispersion terms (third derivative) in the truncation error. First-order upwinding can handle
sharp profiles, but the spatial second-derivative terms in the truncation error overwhelm any physical
diffusion? Second-order upwinding is considered to be better than second-order central and first-
order upwinding schemes. The leading-order truncation error is a dispersive third derivative;
however, in some cases the dissipation derivative terms are stronger and dampen dispersive
oscillations® Fromnf introduced a convection algorithm in which he averaged second-order
upwinding with the explicit second-order central schehiethis algorithm the leading phase error of

the upwind difference approximately cancels the lagging phase error of the central scheme.
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Leonard introduced two convection algorithms based on spatial quadratic upstream interpolation
schemes. The first one is for steady state and is referred to as QUICK (quadratic upstream
interpolation for convective kinematics), while the other is for unsteady simulation and is known as
QUICKEST (QUICK with estimated streaming terms). QUICKEST is an explicit third-order
upwinding scheme and has a high-order spatial approximation accompanied by a consistently
accurate temporal formulation. The leading truncation error is of a dissipative type (fourth order) and
of a higher order than the physical diffusfonith the diffusion terms modelled to a consistent order.
The use of higher-order spatial approximations with a lower-order temporal formulation would be
equivalent to first-order upwinding in resolving the unsteady featuBshemes based on the use of
time—space characteristics have been formulated and applied by several res&at@hers.

The third-order upwinding approach was first introduced by LeoRarkp later showed this to be
the rational basis for computational fluid dynamté$iowever, a large number of researchers are still
using first-order upwinding (or the hybrid scheme) as a robust way of modelling highly convective
flows. First-order upwinding or any other technique which suffers from numerical diffusion adds
artificial viscosity to the physical viscosity. Leonard and NikAafs well as Leschziner and Rddli
indicated that it does not make sense to use a highly sophisticated multiequation turbulence model to
determine the eddy viscosity while the equations of motion are modelled with a convective scheme
suffering from numerical diffusion.

Third-order upwinding schemes are susceptible to physically unrealistic overshooting and
undershooting of the order of 5%. Although these oscillations are small compared with the other
methods, they may cause problems when solving the non-linear equations of motion. These
oscillations can be eliminated by using a well-established technique known as the universalfimiter.

The extension of a one-dimensional (1D) unsteady algorithm to two dimensions is another serious
problem, since 1D algorithms do not automatically generalize to two and three dimensions by
applying the one-dimensional scheme componentw/idis is due to the absence of the cross-terms
in the Taylor expansion. Leonard and Nikn&fsieveloped a high-accuracy algorithm using the
concept of vector transient interpolation modelling:

DX, t + At) = DX — vAL, t). 1)

Using this concept, they introduced multidimensional first-order upwinding, second-order central and
third-order upwinding algorithms for square grids. The third-order upwinding algorithm was referred
to as UTOPIA (uniformly third-order polynomial interpolation algorithm). This can be considered to
be an extension of the one-dimensional QUICKEST schefiteey evaluated the performance of the
different algorithms by using a well-known rotating velocity field convection problem as a
benchmark test. Two non-oscillatory total-variation-diminishing (TVD) schemes designed B§ Roe
were also tested. The TVD-Minmod scheme was found to be quite diffusive, while the TVD-
Superbee scheme tended to steepen and clip narrow extrema. They also made a Fourier—von
Neumann analyst$*8of the multidimensional algorithms and compared Taylor expansions of their
complex amplitude ratio (amplification factor) with that of the exact solution. It was concluded that
UTOPIA contains all necessary cross-terms to third order and matches all terms in the Taylor
expansion of the complex amplitude ratio.

Ekebjaerg and Justesénintroduced a nominally third-order, two-dimensional convection—
diffusion scheme. They eliminated the truncation error terms arising from a lower-order scheme. The
non-conservative scheme was then rewritten in a conservative pseudoflux difference form. The
pseudofluxes chosen by Ekebjaerg and Justesen are not unique’’Riesetoped a third-order semi-
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FLOW IN RECTANGULAR SEDIMENTATION TANKS 539

Lagrangian convection scheme in which he introduced weighting parameters to overcome the non-
uniqueness problem. Rasch uses weighting parameters to generate a family of possible pseudoflux
difference algorithms.

Recently, Leonartt has introduced a flux integral method (FIM) for multidimensional convection
and diffusion. The convective-plus-diffusive flux at each face of a control volume cell is estimated by
integrating the transported variable and its face-normal derivative over the volume swept out by the
convecting velocity field. This gives a unique description of fluxes. The FIM has been applied to
different schemes. The new version of UTOPIA (eight-point scheme) has been introduced by using
the FIM as shown in Figure 2.

In this paper another convective scheme referred to as the skew third-order upwinding scheme
(STOUS) is introduced. Unlike UTOPIA, STOUS uses a quadratic interpolation that is spatially
skewed at the earlier time level to estimate the face value. The different interpolation points for
UTOPIA and STOUS are compared in Figure 2. STOUS accurately estimates the face value of the
control volume (CV) by following the space—time path of a fluid particle in choosing the interpolation
points. The Fourier—-von Neumann analysis shows that STOUS is nearly third-order accurate. STOUS
is formulated in such a way that it is not explicitly dependent on the aspectratiby; however Ax
andAy are incorporated in the respective Courant numbers. Both UTOPIA and STOUS suffer from
small oscillations which can be avoided by applying the universal limitérrotating velocity field
benchmark test is used to show the validity of STOUS and the results are compared with UTOPIA in
Figure 6.

The main purpose of this paper is to introduce an algorithm with low numerical diffusion that can
be used to simulate unsteady flows in general and the transport of dye in settling tanks in particular.
As a first step the explicit third-order upwinding scheme (STOUS) is tested by solving the coupled
non-linear equations of motion for turbulent recirculating flow in sedimentation tanks. This type of
flow has been studied by many researchers with various types of numerical m&tifSdse effect
of density currents on the flow in final clarifiers has been studied by Devantier and E4raok
Zhou and McCorquodal® None of these studies used an explicit (Lagrangian) technique, although
these schemes, which are based on the use of time—space characteristics, are very attractive from the
fundamental point of view, since they closely mimic the transient convection process. Some
researchers used semi-Lagrangian schemes which are non-conservative when applied to unsteady
problems.

In this paper the flow in a primary rectangular sedimentation tank is predicted using the unsteady
vorticity—streamfunction formulation. The convective and diffusive terms are modelled by third-order
upwinding techniques. This scheme overcomes instability problems which arise when convection
terms are prevalent and eliminates the need for very fine grids or first-order upwinding—d he
turbulence model is used to simulate turbulence. The computer code was tested for several grids with
different aspect ratios and in all cases it converged to the same steady state solution.

The convection—diffusion equation is solved with third-order upwinding techniques to obtain flow-
through curves (FTCs) which in turn can be used to evaluate the hydraulic efficiency of settling tanks.
The simulation of FTCs requires the use of a technique with low numerical diffusion. Adams and
Rod?° used the QUICK scheme to model the unsteady transport equation. The QUICK algorithm is
based on the assumption of slow time variation. Owing taQtyt) time truncation error, they had to
use a very small time step. They did not report how they eliminated the oscillations. &zal&®
used the hybrid linear parabolic approximation (HLPA) together with a three-level fully implicit
(TLFI) scheme. The degree of accuracy was restricted to second order. Finally, it should be pointed
out that further research is under way, by the authors, to use the highly accurate third-order
upwinding technique in general to simulate unsteady effects of density flows in sedimentation
tanks.
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2. NUMERICAL TECHNIQUES

Unsteady, two dimensional convection and diffusion of a soklare described by
o0 oud wd 9 o0 a a0
—=————+— | = +=(I,—) +S 2
ot ox 8y+8x<X8x>+8y(y8y)+ ' &)

whereu andv are the convection velocitie, andI'y are the diffusion coefficients in the andy-
direction respectively an& is the source term. This equation can be integrated in time fréon
t 4+ At and in space across the control volume cell (Figure 1) to yield

O —@f  (ud), — (uD), (WD), — (vd); L (LP/3), = (L, 0/),
At AX Ay Ax
N (ryacb/ay)nA—y(ryad>/ay)s L5

(©)

in which the overbar represents the spatial average. The terms on the right-hand side of (3) are all
time-averaged. The subscript notation is defined in Figure 1 and the superscript represents the time
level.

2.1. Uniformly Third-Order Polynomial Interpolation Algorithm (UTOPIA)

Leonard and Niknafs introduced this algorithm as an extension of the QUICKEST scHeTie
two dimensional scheme is based on the third-order polynomial expression

¢" = a+bx+ ox® 4 dx® + ey + fy? + gy® + hxy + ix%y + jxy?, %)

requiring 10 collocation points. Using a square grid of unit size and following the west face stencil
shown in Figure 2, the resulting formula for the west face value can be then written as

C 1—C2 C cZ c
D, =1(®, + ) — ?XGRADN - X CURVN — %GRADT + (FV - TV)CURVT
cC, C
+ ( X?, y_ 4y>TWIST, (5)
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Figure 1. Control volume cell
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where thex andy Courant numbers are

UAt vAt
=— C,=— 6
X ﬁ X ’ ( )

and

GRADN = ®p — @y,

O — @y forC,>0andC, >0,

oy — Py forC Oand C, <0,
GRADT = | "W~ 7w 7 v =

Dp — Og forC, <0and C, >0,

Oy — Op forC, <0and C, <0,
CURVN — ®p — 20y, + Dy for C, > 0,

O — 20, + Dy, for C, <0,

(DN —_ 2(I)p —+ (I)S fOf CX < 0,

O, — D — Dy + D for C 0,
TWIST=] 5~ wTTsw v

(I)N_(DP_(I)NW+(I)W forCy<O.

It is clear from the above expressions that the face valyeshould be modified to account for the
aspect ratioAx/Ay if an arbitrary rectangular element is used. Using a convective estimate of the
average face gradients, the corresponding face gradient is given by

oD 1 C C
— ) =—( GRADN — ZXCURVN — X TWIST }. 7
<8x)w AX (G 2 cu 2 S ) ()

The latest version of UTOPIA with the FIM uses 12 collocation points with eight nodes per control
volume face?*
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Figure 2. Computational stencil far, v > 0-0: (a) STOUS; (b) UTOPIA; (c) UTOPIA (flux integral method)
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2.2. Skew Third Order Upwinding Scheme (STOUS)

In this algorithm the face value is determined by fixing a spatially skewed quadratic interpolation
scheme among the points shown in Figure 2. The west face value for coagtantdAy is given by

®w = Npdp + Ny + Nww Pyw + Nsww Psww + NswPsw + Nssww Pssww s 8

where N¢ is the quadratic interpolation function (influence coefficient) of nd¢le All the
interpolation functions should be evaluated at point O (origination point), which is the intersection
with the t-plane of the time—space trajectory that passes through the centroid of the cell face. To
locate point Odx anddy can be calculated from

UAt vAt

5x:7, 5y:7. ©
Thus
C,A
X = CXZAX, Sy = yTy (10)

Evaluating the interpolation functions at point O and substituting into (7) (see Appendix I), the west
face value becomes

o, = %(3¢P Dy + 6Dyy) + ((I)W ®p) +—= S (3‘Dsw Dssww + Psww — 3Pw)
c?2 02 C,C
+ B (@p — 20y + Dyyy) + - ((Dssww 2Dsw + Pow) + —— (Psww — Puw — s + D),

11

which can be written in a similar form to (5) as

_c2 C CcZ |C
=2(0p + D) — QGRADN =G CURVN — ?yGRADT + (?y - %)cwzws
ICCyl ICI
+( =~ |JTWISTS, (12)

where CURVTS and TWISTS refer to the skew transversal curvature and skew twist terms
respectively. They depend on the direction of the velocity vector at the cell face as given in Appendix
l. The factor} (rather than}) comes from the use of nodal values and not from cell averages.
Following Leonaréj5 3L and introducing the physical diffusion contribution in estimating the face
value, the west face value can be written as

C 1 C Cy
®, = %((DP + @) ——XGRADN — <— — —"—%>CURVN —7GRADT

8 8 2
+ C_2 _ |C_|+ CURVTS + CEI_IG TWISTS, (13)
8 4 4 4
where
At At
O(X:FXR, OCy:FyA—yZ. (14)
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The STOUS face gradient is given by

® 1 C
(a_) = <GRADN - &CURVN — —yTWIST>. (15)
X /)y AX 2 2

STOUS uses 11 collocation points with seven nodes per control volume face.

2.3. Stability analysis of STOUS and UTOPIA

The von Neumann stability analysis has been applied to both STOUS and UTOPIA. In this analysis
the Fourier component of the solution is defined as

(I)RJ — Vnel(i()x+j()y)’ (16)

whereV" is the amplitude function at time levalof the particular component whose phase angles
are defined a9, = K,Ax and 0, = K Ay, whereK, and K, are the wave numbers. The Fourier
components at different points are given in Appendix Il where it is shown that the STOUS
amplification factor can be given as

Gstous = Rscx + Rscy + Rspx + Rspy + Isex + Iscy + lsox + Ispys (17)

whereRgc,, andRsc,, represent the real parts of the STOUS advective terms ir-taedy-direction
respectively Rgpy, andRgp, represent the real parts of the STOUS diffusion terms inxthend y-
direction respectively antic,, Iscy, Ispx, @andlsp, represent the imaginary parts of the corresponding
terms. These terms are as follows (details are given in Appendix Il):

C2 C C3 I

Rsx = (20086, —2) - (f_?x_a?x

C2c, C,Cy
8 4

— 2cos 6, cos by + 2sin 0, sin 0, + cos b, — cos 20, sin 20, + sin 20, sin 20,

cic, c,C,
4 4

+25in 0y sin 6, — 2 €05 B, — €0 6y — C0S 6 C0s 20y — 5in O, sin 6 + €05 20,), (18)

050 — 2 (1 _ cos. —
[2(1 — cos 6,)] > (1 —cos 0, — cos 0,

+ cos 0, cos 0, + sin 0, sin0,) — ( + oc%)(cos 20, cos 0, — sin 20, sin 0,

+ 2cos 0, cos 20, — 25sin 0, sin 20, — cos 20,) — ( )(2 cos 0, cos 0,

X

3 C
S > Y (sin 6, — sin 6, cos 6,

. G\, . .
lsey = | —C,sin 0, + X a2 )(sin 20, — 2sin0,) +
8 8 2
CiC, GG
8 4
— 2sin 0, cos 0, + sin 0, — sin 20, cos 20, — sin 20, cos 20, + 2'sin 0, cos 20,
CiC, B C,Cy
4 4
—sin 0, — sin 0, cos 20, — sin 20, cos 0, + sin 20,)] (19)

—sin 0, cos 0,) + < + oc%)(sin 20, cos 0, + cos 20, sin 0, — 2sin 0, cos 0y

+ 25sin 0y cos 0, — sin 20,) + < >(2 sin 0, cos 0y + 2sin 6, cos 0, — 2sin 6,

C C
Repx = a(z cosf, —2+ 7* [2(1 — cos HX)Z] - ?y (2cos 6, — 2cos 0, cos 0, — 2 + 2 cos By)>, (20)

C
lspx = |a<%(2 sin 0, —sin20,) +?y(2 sin 0, cos 0, — 2sin Hy)>, (21)
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with similar expressions for thg-direction.
The UTOPIA amplification factor is

Guroria = Rucx + Rucy + Rubx + Rupy + Rucx + lupy + luox + lupys (22)
where

C? c, C cC
Rucy = 7*(2 cos 6, —2) — <€X — ?X - a?x> [2(1 — cos 0,)°]

C,C, . .
+ (1 — cos 0, — cos 0, + cos 0, cos 0, + sin 0, sin 0,)

2
cic, C,C C
y ~X y X
_< S +oc7x>(20059y—2—2c059ycos(9x+2cosex)
cic, CC,
= (2cos 6, — 2cos 0, cos 0, — 2 + 2cos0), (23)
3
lucx = |[—stin 0, + <%—% — a%)(sin 20, — 2sin0,)

GGy . . .
+ > (sin 6, — sin 6, cos 0, — sin 6, cos 0,)

c:c, c.C C
[ Dyx  yx e _25j
< 6 4 +a 2)(2003(9y 2sin6,)
C§-Cy C,Cy . )
o (2sin 6, cos 6, — 2sin6,) |. (24)

The real and imaginary parts of the UTOPIA diffusion terRgp,, Rypy, lupx, @andlyp,, are the same
as the STOUS terms, since both STOUS and UTOPIA have the same face gradient expression.

By parametric scanning over a wide range of values, @, andC,, the complete stability region
(G < 1) for STOUS and UTOPIA was found as shown in Figures 3(a)-3(d). It is evident that in
STOUS the stability range is considerably wider than in UTOPIA. Figure 4(a) shows the stability
range for the cas€, = C,; the maximum Courant number for STOUS i§ @ompared with @5 for
UTOPIA. Figure 4(b) shows another ca&g, = 0-2) in which the maximuncC, is also higher for
STOUS than for UTOPIA. Figure 4(c) compares STOUS and UTOPIA for the case of pure advection,
i.e.o = 0-0 (Pe = 00), and indicates that STOUS has a wider stability range in this case. The cross-
term C,C, is the main reason for the stability of STOUS and UTOPIA; the schemes such as the
componentwise application of the 1D algorithms without this term are unstable.

Both UTOPIA and STOUS suffer from numerical oscillations at a sharp gradient. Although
STOUS produces very small oscillations (about 5%) compared with other schemes, it is still
important to eliminate these oscillations, especially when solving the non-linear equations of motion.
A well-developed bounding technique known as the universal limiter (UL) is used to avoid these
oscillations (Figure 5) Details of the universal limiter can be found elsewherehowever, the
following brief description of the procedure is given.

(i) For each face, based on the direction of the normal velocity, the vglydspstream point),
¢ (cell) and¢y (downstream point) are identified.
(i) The face values are determined by STOUS (or UTOPIA).
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Figure 3. Stability range: (a) UTOPIA (ma®; (b) STOUS (maxx); (¢) UTOPIA (mina); (d) STOUS (minax)

(iif) The normalized face and cell values are computed by

¢ —dy

$p — by

(iv) If the point (¢c, ¢¢) falls within the triangular region of Figure 5, then the computation
proceeds to the next CV face.

¢ = (25)

% 03 g
=

g 0.21 %)
5

UTOPIA stability range

0 0.1 2 03 04 05 06 07 08 09 1
Courant Number

Figure 4(a). Comparison between UTOPIA and STOUSGpe= C,: -, UTOPIA (maxa); - -B- -, UTOPIA (min o);

—&—, STOUS (maxx); - -[E- -, STOUS (minx)

© 1997 by John Wiley & Sons, Ltd. INT. J. NUMER. METHODS FLUIDS, VOR4: 537-561 (1997)



546 H. GERGES AND J. A. McCORQUODALE

STOUS stability range

03 04 05 06 07 08 09 1
Courant Number in the Y direction

0 01 02

Figure 4(b). Comparison betweemn UTOPIA and STOUSOpe 0-2: —— , UTOPIA (maxo); - -l- -, UTOPIA (min );
—+—, STOUS (max); - -[=- -, STOUS (mino)

(v) If not, ¢, is limited to the nearest appropriate constraint boundary at the givemlue.
(vi) The unnormalized face values are determined.

A 1D adaptive discriminator is used in each direction to avoid clipping narrow exttetia,can
identify well-defined local narrow physical extrema and automatically switch off the universal
limiter, but keep it in regions where unphysical overshoots would otherwise occur.

2.4. Benchmark test problem

The rotating velocity field problem is used as a benchmark test. For pure convection the exact
solution is known. As an initial condition a cylinder with a base diameter of 40% of the domain width
is used. The computation was carried out on meshes ranging from3Dto 70x 70 for a half-
rotation in the counter clockwise direction. First-order upwinding, STOUS and UTOPIA were used in

1
O.Ql
6. 0.8
5

5 0.71

o4
£
> 0.61
[

£ 0.57 STOUS

-

3
€ 0.41

>

pd
g 0_3J UTOPIA
3
© 0.21

0.1

0

0 0.2 0.4 06 08 1 12 1.4
Courant Number in the X direction Cx

Figure 4(c). Comparison between UTOPIA and STOUS for pure adveddies: (o)
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Figure 5. Universal limiter (UL) constraints in normalized variable diagram (NVD)

this test problem. For the first-order upwinding scheme the alternate direction implicit (ADI)
technique was used so that the maximum Courant number and thus the least CPU time could be
obtained. For each grid, multiple trials were made to determine the maximum allowable Courant
number after which instability problems occurred. Explicit algorithms were used for STOUS and
UTOPIA. It was found that the maximum Courant number for STOUB-1.2) is greater than for
UTOPIA (0-8-09). Table | gives the computed maximum Courant numbers for each technique, the
absolute errors and the CPU times in minutes on a Pentium-90 PC. Figures 6(a)-6(d) show the first-
order upwinding, STOUS and UTOPIA predictions and the analytical solution for a grid &f 70.

Figure 7 shows the cost (CPU time) versus the absolute error, which is defined as

e=2 X

i

|¢comp - (f)exactl

Number of grid points

(26)

Table 1. Comparison between rirst-order upwinding, STOUS and UTOPIA

Mesh First-order
upwinding STOUS UTOPIA
Chax = 1-5-1.7 Chax =10 Cmax = 0-875
€ Tmin € Tmin S Tmin
30 x 30 00732 32 00268 45 00262 55
35x 35 00647 72 00232 10 00226 12
40 x 40 00576 15 00201 19 00196 24
45 x 45 00547 26 00184 34 00180 42
50 x 50 00518 45 00172 62 00157 70
55 x 55 00503 56 00162 99 00157 106
60 x 60 00460 82 00149 152 00143 164
70 x 70 00403 213 00130 300 @125 341

© 1997 by John Wiley & Sons, Ltd.
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Figure 6. Rotating velocity test problem for a grid of ¥X070: (a) UTOPIA C=0-875); (b) STOUS C=1.0); (c) first-order
upwinding C=1.5); (d) exact solution
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Figure 7. Cost (CPU time)—absolute error relatidn:HYBRID; x, STOUS;+, UTOPIA
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It is clear from Figure 7 that both STOUS and UTOPIA give much better accuracy (less absolute
error) for the same cost (CPU time) compared with first-order upwinding.

3. SETTLING TANK MODEL
3.1. General equations

The equations describing a two-dimensional, unsteady, turbulent flow in a rectangular
sedimentation basin are

au*  ov*
et =0 &0
ou* ou* ou* 1 ap 0 au* d au*
o * 9 *x0 _ S* 28
T e T e T T e e ( ax*> o ( 8y*> * =9
ov* ov* o* 1lop* 0 o a ov*
T *°7 -0 9 — F* S*, 29
pres + Ix* +v ay* 0* X + ax* ( 3X*> + ay* ( ay* ) + + (29)

in which u* andv* are the horizontal and vertical mean velocity components respectpelg, the
fluid density, «f is the eddy viscosity ang* is the pressureFg represents the body force
(gravitational force). Since the eddy viscosityis not constant, the two source tergjs andS; do
not vanish on application of the continuity equatf$riThe superscript asterisks in (27)—(29) denote
dimensional quantities. Using the relationships

N> a* au*  av*
=L Rl — e — — 30
! oy*’ v ox*’ @ ay*  ox*’ (30)
wherey* is the streamfunction an@d* is the vorticity, equation (27)—(30) can be replaced by the
equations
dw*  u*w*  *w* 0 ow ] ow
—t——t—=— =+ == S 31
o T o = o (vt 8x*) + ay*< ay*) +S.5 (31)
Vap* = o* (32)

or, in non-dimensional form,

8w+8ua)+8vw_ 0 ) ow n 0 ) ow 4 33)
ot ox oy  ax\ ‘'ox) ay\ ‘tay @
VY = o, (34)

in which u=u*/U,v=v*/U, x=x*/H, y=y*/H,t=t*/(H/U), v, =¥/UH =Re{?,

Y =y*/UH and w = w*/(U/H). The characteristic velocity and length scaldsand H are
selected to be convective scales, i.e. the depth-averaged longitudinal velocity and the tank depth
respectively.

3.2. Laminar flow past a backward-facing step

A benchmark test problem of flow over a backward-facing step was used to check the
implementation of the streamfunction—vorticity formulation. Equations (31)—(32) can be used to
describe the two-dimensional laminar flow after replacing the eddy viscosity by the molecular
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kinematic viscosity of water. The no slip boundary condition was used for the upper and lower walls.
A fully developed velocity distribution was used at the inlet. The outlet boundary condition was
du/ox = 0. The solution starts by assigning initial values foandw. A typical computational cycle
begins by using equation (31) to advance the solutian"db t + At. The SOR method is used to find

the newy"* at all points from the differenced form of (32), using the nel! at the interior points

as the source term. The velocity components are updated by substitutind ‘thealues in (30).
Finally, vorticity values ™! are calculated for boundary nodes. The second-order-accurate
boundary condition for vorticity along a no-slip wall is used. This boundary condition is

3oy_1 — @
Oy =T = 30N, (35)

whereN andN — 1 denote quantities evaluated at the wall and one point in from the wall respectively
and An is the normal distance betwe&handN — 1. The computational cycle is repeated until the
specified convergence criterion for a steady state is satisfied. An expansion ratio E (ratio of step
height to inlet channel height) of®was used with Reynolds numkee= 200 (based on the average

inlet velocity and twice the inlet channel height). The predicted velocity distribution is shown in
Figure 8(a) shows good agreement between the STOUS velocity distribution and experimental data
of Armaly et al3?
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Figure 8(a). Velocity field for backward-facing step
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Figure 8(b). Velocity profiles at various locatiorll; Thangam;, experimental data of Armalgt al3?

INT. J. NUMER. METHODS FLUIDS, VOL.24: 537-561 (1997) © 1997 by John Wiley & Sons, Ltd.



FLOW IN RECTANGULAR SEDIMENTATION TANKS 551

3.3. Turbulence model
The eddy viscosity coefficient is related to the turbulent kinetic enkiagyd its rate of dissipation
by
NS
Vt = T . (36)

The variablesk ande, are computed from the transport equatitns

ok ok ok 9 [vok\ 9 (v oK
S8BT L () p 37
at T Ty T ax (akax)+ay (a@y)jL © (37)
dc e de D (v e d (v de ¢ %
o > *r_2(A%* N d el ‘P_c. o
at TV T ey T o (ae 8x> Ty <a( 8y> Hlajt Tl (38)

whereP, the turbulent kinetic energy production, is given by

u\® (w\* [du o\
P=v|2(=) +2| = — 4=
v‘[ <8X> " <8y> +<By+8><) } 9
and whichc,, ¢, €5, Cp. 0 and g, have the values-09, 144, 192, 10, and 13 respectively’>
Variables appearing in (36)—(39) are non-dimensional suchkthat kU? andc* = cU3/H. Thek
ande¢ advection terms have been modelled by STOUS. Equations (33)—(34) and (36)—(38) represent a
closed system of equations relatingy/, k ande.
An unsteady dye concentration equation is solved to obtain the FTC corresponding to the
converged steady state velocity field:
aC auC &wC 9 aC d aC
—t—+—==|= ) +=Ti=—). 40
at+8x+ay ax<tax)+8y<tay> (40)
in which T is the turbulent mass diffusivity which is assumed to be proportional to the eddy
viscosity, i.e.I'y = v;/a., Whereo, is the turbulent Schmidt number.

3.4. Boundary conditions

3.4.1. Inlet boundary.Figure 9 shows the flow domain and associated boundaries. An
experimentally determined, three-zone parabolic profile of the horizontal velocity is imposed along
B1.23 The vorticity is obtained by differentiating the velocity distribution, while the streamfunction is

B3
A A
HE p2
\i BS H
A
b B1
y 4
B4
L o

Figure 9. Defining sketch and boundary conditions for<134 mesh
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calculated by integrating the velocity over B1. The inlet boundary conditions fokthenodel
were®

U2 K3/2
K=o 2 c=cl——

41
0% R @)

in which Uy = g/h; andl,, = 0-5c,h;/H, whereq is the flow discharge per unit width ari is the
baffle opening (Figure 9, = 0-2 in this study owing to the presence of the upstream baffles which
caused the incoming flow to be highly turbuléntFor typical inlet conditionsy, is in the range
0-.05-01. The transient dye inlet boundary condition was sé& te C; and held held at this value for
a time corresponding to the dye injection time; thereaftet 0-0.

An external node is required for STOUS to be applied at B1; locally one-dimensional quadratic
behaviour fony is assumed normal to the inlet, which implies that the vorticity gradien®x = 0.
This does not affect the accuracy of the flow field computations, because the vorticity at the inlet is
mainly transported by advection owing to the high inlet velocity. This is achieved by setting

Oni1 = s (42)

wheregy ., and¢y are the external and boundary points respectively. At the corner the point SSWW
can be taken as an average of the two adjacent points SWW and SSW.

3.4.2. Free surface boundar¥he rigid lid approximation was applied with the normal gradients
of k,¢,C andv set to zero. The full-slip condition is used, iw.s free to develop an& = 1.0
(excluding the sink point). In the absence of applied shear, such as wind shear and temperature
gradientsw = 0-0 (excluding the sink point).

3.4.3. Wall boundary.Along the inlet baffle B2)y = 1.0; along the bottom B4 and the end wall
B5 (excluding the sink point) = 0-0. The wall function approach was used to determjink ande.
In this approach the mesh does not extend all the way to the wall, because the turbulence model is
only valid in the fully turbulent regime zone. Therefore the computational domain is shifted a small
distancey, from the wall (Figure 9). The friction velocity* at a point P (the first grid point from the
wall) can be calculated from

U 1
— — ZIn(EyH , 43
Ug = < ME) (43)
in which U, is the parallel velocity at = yaUg /v, andE is the roughness parameter which was
taken as 8, andk is the von Karman constant-@2). At the interface the shear stress based on the
outer flow domain is matched with the wall shear stress in the boundary layer. Thus for the bottom of
the tank the vorticity at the edge of the near wall region is given by
Ug?
*_ P 44
=g (44)
in which ¥ is the dimensional wall vorticity. Both quadratic and cubic extrapolations mdrmal to
the boundary were examined to calculate the external node at the bottom. For the cubic extrapolation
(Figure 10), the vorticity gradient is given by

ow ON11/2 — ON—12
—) =—F (45)
<8y>N Ay
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Figure 10. STOUS boundary conditions showing cubic extrapolatioff aking internal node values

where
YR —2ns1p L YN — 2ngapp H U
Ons12 = R A|\1X+21/ L + N NAJ;LZ/ N+1’ (46)
and thus the external node can be calculated as
Jw
= Ayl— ) . 47
TN y<ay)N “

No significant difference in the velocity field was indicated when the two types of boundary
conditions were compared. This could be due to the boundary condition used, i.e. the eddy viscosity
at the bottom of the tank as predicted by #te model. For thek—= turbulence model the kinetic
energy production is assumed to be equal to the dissipation rate near the boundaries. The boundary
conditions fork ande becomé*

*2 *3
_ U =P (48)
Ve, K%Y

k

A more general treatment can also be used in wikide determined by a balance of diffusion,
convection, production and dissipation for near-wall control volufiesssuming a zero-gradient
boundary condition, an external node is computed and thus STOUS can be applied. For the dye
transport equation the zero-flux boundary condition is usedyd,&N = 0.0.

3.4.4. Outlet boundaryThe normal gradients df, ¢, andC were set to zero at the out/&t The
approach of Imam and McCorquod&iés used for the boundary conditions efand .

3.4.5. Initial conditions An irrotational flow solution of (34), i.ew = 0.0, is used for the initial
values ofyy and thus the velocity componenisandv are obtained at the internal nodes using (30).
The initial values fork ande¢ are not crucial as long as the unsteady flow equations are solved until
steady state is reached. For the transient dye simulation the concentration of the dye was set to zero.
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3.5. Grid independence test

Various grids have been used to check the grid convergence. The maximum streamfunction at the
centre of the recirculating zoney() was used to check the grid convergence. A relatively short
settling tank L/H = 2) was used to test a wide range of mesh sizes. Figure 11 shows the effect of the
mesh size ony; it is evident that as the meskx diminishesy, converges in the limit to -D95.
Because of non-linearities inherent in the UL, the time step was chosen so that the maximum Courant
number would not exceed®*® No significant difference was found in the flow patterns for the grids
tested.

3.6. Application of model

The model was applied to simulate the hydrodynamics and dye concentration fields in rectangular
tanks studied experimentally by Imaif(37). Figure 12 shows two velocity fields for two flow
situations using two different grids. In the first case the flow rate wa2 &% s cm~*. The
comparison between the measured and predicted fields is shown in Figure 13. The inlet velocity is
assumed to follow the three zone inlet velocity distribution given by Imain.the second case a
higher flow rate (102 cn?® s~* cm™?) is used. The reattachment length is also calculated for various
flow rates using the inlet profile. The reattachment length is in good agreement with the experimental
data (Figure 14). Although the flow is highly turbulent, the reattachment length increases as the flow
rate increases owing to the increase in the tank water depth with flow and the consequent increase in
the baffle submergence.

An FTC represents the time response at the exit of a tank to a tracer pulse at the inlet. This curve is
used for evaluating the hydraulic efficiency of settling tanks. As shown in Figure 15, the time axis has
been normalized by the theoretical detention tife= L*H*/q and the concentration axis by
C, = CjAtjq/L*H*, the concentration that would exist in the tank if all the tracer mass were
completely mixed throughout the tank. The FTC calculations were carried out with STOUSZQ0
10 x 40 and 20x 40 grids) and UTOPIA (1< 68 grid) for spatial discretization of the convection
terms. Both UTOPIA and STOUS yielded the same solution. The FTC was found to be insensitive to

Max Stream Function
3

0 001 002 003 004 005 006 007 008 009 0.1
Normalized Mesh Size

Figure 11. Effect of mesh size on maximum streamfuncttqnat centre of recirulating zone
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Figure 12. Predicted velocity field of Windsor clariffgr:ga)Q:W-? cnfstem™ ! L=112 cmH=165 cm,h; =825 cm,
10 x 40 grid, velocity scale ©-50; (b) Q=1094 cn? s *cm™ %, L=73 cm,H=11.95 cm,h; =5.0 cm, 17x 34 grid,
velocity scale @-50

the time step variation as long as the Courant number was less BaBh3 Another mass transport
model based on the HYBRID technique was developed. The hydrodynamic velocity and eddy
viscosity fields predicted by STOUS were used for the HYBRID model. Figure 15 compares the
predictions obtained by STOUS and HYBRID with experimental data of IMarBTOUS
overpredicts the FTC peak by 20% which could be due to the low mixing generated liycthe
model. In the past, researchers have found thatktheoverestimates the mixing in curved flows;
however, some of this overestimation may have been due to numerical diffusion. Three-dimensional
effects such as side boundary layers could result in higher mixing in the experiment. Comparison of
HYBRID and STOUS suggests that the HYBRID results are subject to severe numerical diffusion.
The STOUS solution generated using axX @0 grid agrees with the QUICK solution generated
using a 25x 25 grid?® Therefore STOUS could be considered as a coarse grid method, which
implies that largeAt-values can be used. It should also be noted that the use of implicit schemes (e.g.

QUICK with ADI) may have less restrictive time step conditions, but is more expensive per time step
because of iteration requirements.

=0.0 x=0.97 x=2.91 x=4.85

8

v
T 1 T

T o

01 2 012 012 012 012
Figure 13. Comparision of predicted velocity field by STOUS and experimental data of f@m;452 cnt s~ cm™2,
L=73 cm,H=103 cm,h;=4.8 cm, 17x 34 grid
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Figure 14. Variation in reattachemtn length with flow rdte;: 73 cm,h; =4-8 cm: A, computed; , Imam’s data

4. CONCLUSIONS

The new numerical technique STOUS overcomes the instability and artificial diffusion problems of
other numerical techniques while providing a wider stability range than UTOPIA; in addition,
STOUS has been formulated for a grid aspect r&fipwhich is advantageous for flow in shallow
tanks. For unsteady flows it gives much better accuracy than first-order upwinding for the same CPU
cost. The algorithm has been verified with a benchmark test of 2D laminar flow past a backward
facing step. STOUS has also been used to simulate the turbulent flow in settling tanks. The velocity
predictions and reattachment lengths are in good agreement with the experimental data, which
indicates that STOUS is capable of simulating steady recirculating turbulent flows.

w

Nomalized Concentration C/Co
i

% 05 i 15 2 25 3

Normalized Time tTd

Figure 15. Comparision of predicted FTC using STOWS 0-7) with dataq of Imar’ (X, exp. A5; A exp. A6; , exp. A8:+,
exp. A9) and HYBRID schemé&, = 0-7)
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STOUS has also been used to simulate the unsteady dye transport in settling tanks. STOUS
adequately predicts the arrival and peak concentration time of the dye at the effluent weir but
overpredicts the experimental FTC peak by 20%. A comparison of the HYBRID results with
experimental data and the results of STOUS indicates that HYBRID suffers from high numerical
diffusion, thus justifying the use of low-numerical-diffusion techniques such as STOUS or UTOPIA
for problems such as dye transport.
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APPENDIX I: STOUS FORMULATION

The west face formula is derived to show the approach. By choosing the interpolation points as
shown in Figure 2(a), a triangle is formed assuming thaand Ay are constants but not necessarily
equal. Introducing a local system of co-ordinatesndy (Figure 16), the six interpolation functions

can be defined

Np = 0-5x(X — AX)/(AX)?,
Ny = —1-X(Y - AX + Ay - X — 2Ay - AX)/Ay(AX)?,
Nyw = 0-5(y - AX + Ay - X — 2Ay - AX)(Y - AX + Ay - X — Ay - AX)/(X)*(Ay)?,
Nsw = X - y/Ay - AX,
Ngww = —1-Y(y - AX + Ay - X — 2Ay - AX)/AX(Ay)?,
Nssww = 0-5%(y — Ay)/(Ay)*.
To evaluate these interpolation functions at point O, the co-ordinatesly of point O should be
calculated. These co-ordinates are given as
(Xo. Yo) = (1:5Ax — C,Ax/2, —C, /2).

Substituting in (8) and arranging, the final formula (11) is obtained. For a complete west face
computational stencil the new terms CURVTS and TWISTS for all flow cases are defined (Figure 17)
as

Pssww — 2Psww + dww  for  C,>0and C, > 0,

CURVTS — $sse — 205 + P for C,<0andC, >0,
Onnww — 20nnw + Pww  for  C, > 0and Cy <0,

e — 20N + P for C,<0andCy* <0,

Poww — Pww — Psw + ¢ forC, >0and C, > 0,

TWISTS — bse — O — ds + dp forC, <0Oand C, > 0,
drnww — Pww — ¢nw + dw  for G, >0and C, <0,

Pne — P — On+ Pp forC, <0and C, <0,

The south face formula and corresponding terms are defined in the same manner.
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Figure 16. West face interpolation triangle farv > 0.0
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Figure 17. Computational stencils: (a) south face tdop > 0.0; (b) west face foru < 0.0, v > 0-0; (c) south face for
u0-0,» > 0-0

APPENDIX II: AMPLIFICATION FACTOR
STOUS

Referring to Figure 2, the Fourier component of the solution at point P is given as

B = \/glitelity (49)
The components at points E, W, N, S, WW, SW, NW and SSWW can likewise be determined.
Substituting the Fourier component into the convection—diffusion equation (3) results in a

complicated expression; therefore each term of (3) will be presented separately. The convection
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term in thex-direction can be re-written as

_ 2
Gy~ ) =~ PE UL S (g 2, + )

3
+ (CX & CX"‘)wE ~ 3¢p + 3w — )

8 8 2

C,C,
T (Pp — ds — dw + Psw)
c,c2 C.C, C,
- <Ty - Ty + Ta) (Pssw — 2dsw + dw — Pssww + 2Psww — Pww)
cic, C,C
- < 4 y - 4 y> [2(psw — dw) — (s — Pp) — (Psww — Pww)]; (50)
in which
fe—dw 5 Puw _ ymelitsgliy | sin g, (51)
de — 2¢p + yy = V"e"ei[—2(1 — cos 0,)], (52)

be — 3¢p + 3py — dyw = V"e"%e1% (4 cos 0, — 21 sin 0, — cos 20, + | sin 20, — 3), (53)

bp — s — Pw + psw = V"e"*eI[1 — cos 6, — sin O, sin 6, + 1 sin6,(1 — cos 6)
+ I'sin 0,(1 — cos 6,) — cos 0,(1 — cos 0,)], (54)

Pssw — 2¢sw + Pw — Pssww + 2Psww — Pww
= V"e"e%[(cos 26, — 1 sin 26, )(cos 0, — I sin 6,) — 2(cos O, — 1 sin 6, )(cos O, — | sin 6,)
+ (cos O — I sin6,) — (cos 20, — I sin 20, )(cos 20, — 1 sin 20,)
+ 2(cos 0, — I sin 0,)(cos 20, — I sin 20,) — (cos 20, — 1 sin 20,)]. (55)

The convection term in the-direction can be similarly derived. The diffusion term in thdirection
can be rewritten as

oc[(%);(%)\,v]m = oc<2 cosf, —2 — %[—2(1 —¢0s0,)* + 21 sin 0,(1 — cos 0,)]

C
— %[Z(COS Oy — 1)(1 — cos 0,) + 21 sin O, (sin 0,(sin 0, — cos Hy)]) (56)

and similarly the diffusion coefficient in thgdirection can be determined. The amplification factor
equation for STOUS is obtained by combining these terms in one expression.
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UTOPIA
The convection term in the direction is
¢e — pw | C?
—Cy(de — dy) = _Cx% + 7X(¢E —2¢p + dw)
C, C3 Cu
(G250~ 300+ 300 — )

to

C,C,

T (Pp — s — dw + Psw)
CC2 CC, C,

~ (52 -2+ 5 = 2+ s =+ 20— )

C)%Cy C.Cy
- (T T )[((bE — ¢es) + (dw — Psw) — 2(Pp — P9)], (57)

which
PN — 20p + s — Pw + b — Psw = Ve [—2(1 — cos b,)(1 — cos 0,)
+ 2l(cos 0, — sin 6,)], (58)

bg — bes + dw — sw — 20p + 2¢5 = Ve [2cos 0,(1 — sin ) — 2(1 — cos 0))
— 21sin6,(1 — cos 0,)]. (59)

The diffusion terms for UTOPIA are the same as for STOUS.
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